Micro-scale fluid dynamics has received intensive interest due to the emergence of Micro-Electro-Mechanical Systems (MEMS) technology. Non-circular cross sections are common channel shapes that can be produced through a variety of micro-fabrication techniques. Non-circular microchannels have extensive practical applications in MEMS. Slip flow in noncircular microchannels has been examined by the authors and a review of several new models obtained by the authors is presented. These models are general and robust, and can be used by the research community for practical engineering design of microchannel flow systems. The reviewed models address: (i) fully developed slip flow in non-circular microchannels, (ii) hydrodynamically developing slip flow in non-circular microchannels, (iii) compressibility effects, and (iv) roughness effects. A model is proposed to predict the friction factor and Reynolds product fRe for fully developed and developing slip flow in most non-circular micro-channels. Compressibility effects on slip flow in non-circular microchannels have been examined and simple models are proposed to predict the pressure distribution and mass flow rate for slip flow in most non-circular microchannels. Finally, the effect of corrugated surface roughness on fully developed laminar flow in microtubes is examined. Simple analytical models are developed to predict friction factor and pressure drop in corrugated rough microtubes for continuum flow and slip flow. 
NOMENCLATURE
Microchannels are the fundamental part of microfluidic systems. In addition to connecting different devices, microchannels are also utilized as biochemical reaction chambers, in physical particle separation, in inkjet print heads, in infrared detectors, in diode lasers, in miniature gas chromatographs, or as heat exchangers for cooling computer chips. Understanding the flow characteristics of microchannel flows is very important in determining pressure distribution, heat transfer, and transport properties of the flow. Nominally, microchannels may be defined as channels whose characteristic dimensions are from one micron to one millimeter. Typical applications may involve characteristic dimensions in the range of approximately 10 to 200 µm. Generally, above one millimeter the flow exhibits behavior which is the same as continuum flows. The non-circular cross sections such as rectangular, triangular, and trapezoidal, are common channel shapes that may be produced by micro-fabrication. These cross sections have wide practical applications in MEMS [1] [2] [3] .
The Knudsen number (Kn) relates the molecular mean free path of gas to a characteristic dimension of the duct. Knudsen number is very small for continuum flows. However, for microscale gas flows where the gas mean free path becomes comparable with the characteristic dimension of the duct, the Knudsen number may be greater than 0.001. Microchannels with characteristic lengths on the order of 100 µm would produce flows inside the slip regime for gas with a typical mean free path of approximately 100 nm at standard conditions. The slip flow regime to be studied here is classified as 0.001<Kn<0.1.
II. LITERATURE REVIEW
Rarefaction effects must be considered in gases in which the molecular mean free path is comparable to the channel's characteristic dimension. The continuum assumption is no longer valid and the gas exhibits non-continuum effects such as velocity slip and temperature jump at the channel walls. Traditional examples of non-continuum gas flows in channels include low-density applications such as high-altitude aircraft or vacuum technology. The recent development of microscale fluid systems has motivated great interest in this field of study. Microfluidic systems must take into account non-continuum effects. There is strong evidence to support the use of NavierStokes and energy equations to model the slip flow problem, while the boundary conditions are modified by including velocity slip and temperature jump at the channel walls.
The small length scales commonly encountered in microfluidic devices suggest that rarefaction effects are important. For example, experiments conducted by Pfalher et al. [4, 5] , Harley et al. [6] , Choi et al. [7] , Arkilic et al. [8, 9] , Wu et al. [10] , Araki et al. [11] on the transport of gases in microchannels confirm that continuum analyses are unable to predict flow properties in micro-sized devices.
Arkilic et al. [8, 9] investigated helium flow through microchannels. The microchannels were 52.25 µm wide, 1.33 µm deep, and 7.5 mm long. The results showed that the pressure drop over the channel length was less than the continuum flow results. The friction coefficient was only about 40% of the theoretical values. The significant reduction in the friction coefficient may be due to the slip flow regime, as according to the flow regime classification by Schaaf and Chambre [12] , the flows studied by Arkilic et al. [8, 9] are mostly within the slip flow regime, only bordering the transition regime near the outlet. When using the Navier-Stokes equations with a first-order slip flow boundary condition, the slip model with full tangential momentum accommodation fit the experimental data well.
Araki et al. [11] investigated frictional characteristics of nitrogen and helium flows through three different trapezoidal microchannels whose hydraulic diameter is from 3 to 10 µm. The measured friction factor was smaller than that predicted by the conventional theory. They concluded that this deviation was caused by the rarefaction effects.
Liu et al. [13] has also proven that the solution to the Navier-Stokes equation combined with slip flow boundary conditions show good agreement with the experimental data in microchannel flow.
The analytical study of internal flows with slip previously has been confined to simple geometries. Kennard [14] studied internal flows with slip in the circular tube and parallel-plate channel. Ebert and Sparrow [15] performed an analysis to determine the velocity and pressure drop characteristics of slip flow in rectangular and annular ducts.
Maurer et al. [16] conducted experiments for helium and nitrogen flow in 1.14 µm deep 200 µm wide shallow microchannels. Flowrate and pressure drop measurements in the slip and early transition regimes were performed for averaged Knudsen numbers extending up to 0.8 for helium and 0.6 for nitrogen. The authors also provided estimates for second-order effects and found the upper limit of slip flow regime as the averaged Knudsen number equals 0.3±0.1.
Aubert and Colin [17] studied slip flow in rectangular microchannels using the second-order boundary conditions proposed by Deissler [18] . In a later study, Colin et al. [19] presented experimental results for nitrogen and helium flows in a series of silicon rectangular microchannels. The authors proposed that the second-order slip flow model is valid for Knudsen numbers up to about 0.25.
A variety of researchers have attempted to develop secondorder slip models which can be used in the transition regime. However, there are large variations in the second-order slip coefficient. The lack of a universally accepted second-order slip coefficient is a major problem in extending Navier-Stokes equations into the transition regime [20] .
In this paper, we address some recent models developed by the authors which address the issues of duct shape, entrance effects, compressibility, and surface roughness.
III. SLIP FLOW MODELS

Fully Developed Flow
One of the most fundamental problems in fluid dynamics is that of laminar flow in circular and non-circular channels under constant pressure gradient. A model for the friction factor Reynolds product for fully developed slip flow in non-circular ducts and channels was recently proposed by the authors using the general solution for fully developed slip flow in rectangular microchannels [21] . The solution for slip flow in a rectangular duct is well known, and may be presented as: where the eigenvalues, δ n , can be obtained from It was shown in [21] that the friction factor Reynolds product fRe for slip flow in rectangular microchannels may be computed with reasonable accuracy by considering only the first term of the series in Eq. (1), or (5) in which α depends on the duct geometry. For the most common duct shapes, α = 12 for the parallel plate channel and α = 8 for the circular tube. For rectangular ducts, the constants α may be predicted from a least-square fit using the exact Poiseuille number (or fRe) results. It is found that the maximum error using the constants in Eq. (5) is less than 0.3 %. The error is much smaller and negligible for most cases. The constants α are a function of aspect ratio of the duct and the data points are fitted to a simple correlation: Muzychka and Yovanovich [22] showed that the square root of cross-sectional area was a more effective characteristic length scale than the hydraulic diameter for non-dimensionalizing the laminar continuum flow data. For continuum flows Kn→0, Muzychka and Yovanovich [22] proposed the following model for a duct of any shape: The maximum difference between Eq. (9) and the exact solution for the rectangular duct is less than 1%.
A comparison has been made between the rectangular duct model, Eq. (9) , and data for elliptical ducts, trapezoidal ducts, double trapezoidal ducts, and the circular annulus. These data represent exact analytical or numerical solutions. Using A as a characteristic length scale for fRe and D h for the Knudsen number Kn, the authors showed excellent agreement between Eq. (9) and the data of the authors for the elliptic duct [23] , Morini et al. [24] and the solution for the annulus. Figures 1-4 compare the model for each duct geometry, for which data are available. The results for the elliptical duct and the rectangular duct are in excellent agreement with the maximum difference of 7.8% in the limit of ε → 0. The difference is smaller than 1% and negligible for large aspect ratio (ε = 0.6 ~ 1.0).
In figures 2-4, the model is compared with other duct shapes providing a simple measure of duct aspect ratio is defined. The definition of aspect ratio proposed by Muzychka and Yovanovich [22] is summarized in Table 1 for a number of geometries. The aspect ratio for regular polygons is unity. The aspect ratio for all singly connected ducts is taken as the ratio of the maximum width to maximum length such that 0 < ε < 1. For the trapezoidal ducts, simple expressions can be used to relate the characteristic dimensions of the duct to provide a width to length ratio.
For annular ducts [21] , the model predictions are in agreement with analytical solution within 8.7%. A comparison between the proposed model Eq. (9) and Morini et al. [24] numerical data for trapezoidal ducts is found to agree within 6.5%, while for the Morini et al. [24] numerical data for double-trapezoidal ducts, the model predictions are in agreement within 1.8%. 
Figure 1
A f Re for elliptic and rectangular ducts. Table 1 Definitions of aspect ratio [22] . It is clear that Eq. (9) characterizes the non-circular microchannel slip flow. The maximum deviation of exact values is less than 10 percent. The friction factor Reynolds product may be predicted from Eq. (9), provided an appropriate definition of the aspect ratio is chosen.
Geometry
The mass flow rate in the micro-channel is found by using the equation of state for an ideal gas, Eq. (9), and Eq. (5). Combining these expressions yields: (10), we obtain:
The continuum flow mass flow rate is given by: It is seen that the rarefaction increases the mass flow and that the effect of rarefaction becomes more significant when the pressure ratio decreases.
An expression was also obtained for the pressure distribution in non-circular microchannels:
The present model takes advantage of the selection of a more appropriate characteristic length scale, the square root of flow area, to develop a simple model. The accuracy of the developed model was found to be within 10 percent, with most data for practical configurations within 5 percent. For slip flow few solutions or tabulated data exist for most common duct geometries. This new model may be used to predict mass flow rate and pressure distribution in a fully developed slip flow in non-circular microchannels.
Hydrodynamically Developing Flow
When a viscous fluid enters a duct with the uniform velocity distribution at the entrance, boundary layers develop along the walls and the velocity is gradually redistributed due to the viscosity. Eventually the fluid will reach a location where the velocity is independent of the axial direction, and under such conditions the flow is termed the hydrodynamically fully developed. The hydrodynamic entrance length is defined as the duct length required to achieve a maximum velocity of 99% of that for fully developed flow.
Barber and Emerson [25] conducted an investigation of gaseous slip flow at the entrance of circular and parallel plate microchannels using a two-dimensional Navier-Stokes solver. A survey of the available literature indicates a shortage of information for three dimensional entrance flows in the slip regime, such as short non-circular microchannels where the entrance region plays a very important role. Following Sparrow et al. [26] , slip flow in the entrance of circular and parallel plate microchannels has been examined by solving a linearized momentum equation respectively [27] .
A relationship for slip flow entrance length for circular tubes is presented: The apparent friction factor Reynolds product for circular tubes was obtained [27] : 
is the Bessel functions of the first kind of order ν. Also, a relationship for slip flow entrance length for parallel plates is presented [27] :
Barber and Emerson [25] also suggested a curve fitted model using numerical data for parallel plates: (19) The difference between the presented analytical model and Barber and Emerson numerical model is less than 8%. The apparent friction factor Reynolds product for parallel plates is obtained from [27] : The effect of Kn on f app Re for developing laminar flow is illustrated in Figure 5 . It is seen that the effect of increasing Kn is to decrease apparent friction factor. For slip flow, Figure 5 also demonstrates that very near the inlet of circular and parallel plate ducts (ξ ≤ 0.001), f app Re is nearly equivalent and independent of duct shape. This is further proof of the reliability of the proposed solutions. Therefore, Eq. (16) or Eq. (20) may be used to compute the friction factor for the very short duct of non-circular shape. As the boundary layer develops further downstream (ξ > 0.001), the effects of geometry become more pronounced and the solution for circular tubes and parallel plates Eq. (16) or Eq. (20) Slip flow in the entrance region of rectangular microchannels was recently investigated numerically by Niazmand et al. [29] . Figure 6 demonstrates the comparison between Eq. (16) and Niazmand et al. [29] numerical data for different Knudsen numbers. The numerical data from Shah and London [30] for continuum flow are included in this Figure. (23) is independent of the duct shape and may be used to calculate the friction factor Reynolds product for the short asymptote of most non-circular ducts for slip flow.
In reference [21] the authors demonstrated that the square root of cross-sectional area is more appropriate than the hydraulic diameter for non-dimensionalizing the laminar slip flow data. Muzychka and Yovanovich [22] 
A general model is proposed in [27] using the Churchill and Usagi [31] asymptotic correlation method. The model takes the form:
where n is a superposition parameter determined by comparison with numerical, analytical and experimental data over the full range of ξ. Using the results provided by Eq. (23) and Eq. (9), and the general expression, Eq. (24), the following model is proposed: Using the available analytical data for circular tubes, and Muzychka and Yovanovich [22] model for continuum flow, it is found that the value n which minimizes the root mean square difference lies in the range 1.0< n < 1.2 with a convenient value n ≈ 1. It is found that twenty eigenvalues are sufficient accurate for all values of ξ of interest. When ξ is not too small, only several terms are required. More eigenvalues should be used when ξ is very small and Knudsen number is comparatively small. Figure 7 demonstrates the comparison between the proposed model and Niazmand et al. [29] numerical data for Re=100 and ξ > 0.005. It is found that the difference between the model and Niazmand et al. numerical data is from 9% to 18%. The difference decreases with an increase in Knudsen number. This indicates that the slip flow is less sensitive to analytical linearized approximations than the continuum flow. It is noted, however, that Niazmand et al. [29] numerical data over predict the values of fRe.
It is found that Eq. (25) characterizes the developing slip flow in non-circular microchannels. The maximum deviation of exact values is approximately less than 10 percent. For developing slip flow no solutions or tabulated data exist for most geometries. This newly developed model may be used to predict friction factor and pressure drop of developing slip flow in non-circular microchannels. It was found that slip flow is less sensitive to analytical linearized approximations than continuum flow and the linearization method is an accurate approximation for slip flow.
Compressibility Effects
In the fully developed flow section, we examined slip flow in non-circular microchannels and presented unified modes for pressure distribution and mass flow rate in non-circular microchannels. In addition, some mass flow rate analytical expressions for simple geometric forms are given as follows [27] . The mass flow rate in the rectangular microchannel is given by Examination of the single term and two terms of the series solutions reveals that the greatest error occurs when Kn=0.001 and ε=1 in slip regime, which gives a value 2.6 and 0.3 percent below the exact value respectively. Therefore, using the first term of the series or two terms at most is accurate enough to obtain the mass flow rate.
It can be demonstrated that the limit of Eq. (27) for ε→0 corresponds to parallel plates channel [8] : where α=8 when r=0 and α≈12 for r>0.1. The limit of Eq. (30) for r→0 reduces to circular tubes [14] : In the above analysis for the pressure distribution and mass flow rate in microchannel flows, momentum changes are neglected as the pressure force is mostly utilized to overcome the friction force against the walls, very little is spent in accelerating the flow. The effect of the momentum changes will become important when Mach number is increased. The effects of momentum changes on pressure distribution and mass flow rate are discussed as follows [27] . A similar analysis on pressure distribution was done by Ebert and Sparrow [15] for flow in annular tubes and Sreekanth [28] for flow in circular tubes.
As it is exceedingly difficult to solve the Navier-Stokes equations to determine the actual velocity distribution of the compressible gas flow in non-circular microchannels, the flow is assumed to be locally fully developed and isothermal. Because the pressure drop is due to viscous effects and not to any free expansion of the gas, the isothermal assumption should be reasonable. The locally fully developed flow assumption means that the velocity field at any cross section is the same as that of a fully developed flow at the local density and the wall shear stress also takes on locally fully developed values.
An expression of the pressure difference between some upstream position z and the outlet position z = L is presented (known outlet conditions): The variation of ψ with Knudsen number is very gentle. It is reasonable that the approximation ψ = constant as ψ is a weak function of Knudsen number. The derivation of ψ is pretty complicated and the expressions for ψ are also very complex. The expression of ψ for circular tubes and rectangular microchannels [27] may be used to choose an estimated value of ψ for most non-circular microchannels for practical application calculation.
Similarly, taking a reference state at the inlet, the pressure difference between some downstream position z and the inlet location z = 0 is obtained (known inlet conditions): 
Equations (32) and (34) may be applied to any duct.
It is seen that variations of ψ does not bring obvious difference of pressure distribution in practical microchannel flows application range that Ma Kn ≈ Re is small. Sreekanth [28] also showed that the approximation ψ = constant had little effect on pressure distribution covered in his experiments. Taking ψ as a constant is reasonable for practical microchannel flows application.
The mass flow rate in the microchannel is obtained: It is seen that, in microchannel flows, compressibility affects the pressure distribution and mass flow rate primarily through the viscous shear rather than through momentum flux. However, when Ma Kn ≈ Re increases, the effect of the momentum flux becomes gradually significant. Especially for low pressure ratio, the effect of the momentum flux is comparatively pronounced.
The effect of slip may be illustrated clearly by dividing the slip flow mass flow Eq. (36) It is seen that the rarefaction increases the mass flow for low Mach number microchannel flows and that the effect of rarefaction becomes more significant when the pressure ratio decreases. This could be interpreted as a decrease of the gas viscosity. For comparatively high Mach number microchannel flows, the rarefaction may decrease the mass flow.
Combining Eq. (35) and Eq. (36), we obtain the implicit expression for pressure distribution: It is seen that the location of maximum deviation from linearity is between 0.5 and 0.75. The location approaches to 0.5 for low pressure ratio and approaches to 0.75 for high pressure ratio.
The mass flow rate models Eq. (27) and Eq. (36) have been examined using Arkilic et al. [9] experimental data. Figure 8 presents the normalized mass flow rate as a function of the pressure ratio. It is found that the predictions agree with Arkilic et al. [9] experimental data within 9.8%. It is seen that there is a significant mass flow rate increase due to rarefaction effects from this Figure. The experimental data and model predictions are in good agreement. Figure 9 demonstrates the pressure distribution comparison between the proposed model Eq. (38) and Pong et al. [32] experimental data. It is found that the model predictions agree with Pong et al. experimental data within 2.2%. From an inspection of this Figure, it is seen that when the pressure ratio is very small, the pressure distribution is nearly linear, which is close to an incompressible flow.
Karniadakis et al. [2] simulated nitrogen flow in a microchannel. The microchannel is 1.25 µm high and 40 µm wide. Figure 10 shows the deviation from linear pressure distribution comparison between the proposed model Eq. (39) and Karniadakis et al. [2] simulation results. Equation (39) agrees with Karniadakis et al. [2] simulation results very well.
It is clear that the pressure distribution may be predicted from Eq. (32), Eq. (34) or Eq. (38) according to different known conditions. The pressure distribution models can provide quite accurate results. The mass flow rate may be predicted from Eq. (36) for most non-circular microchannels, provided an appropriate definition of the aspect ratio is chosen. The maximum deviation of exact values is less than 10 percent.
Compressibility effect on slip flow in non-circular microchannels was investigated. Simple models were presented for predicting the pressure distribution and mass flow rate in non-circular microchannels for slip flow. The effects of momentum changes were considered in the models. The effect of the momentum flux becomes gradually significant with an increase in Mach number. The developed pressure distribution and mass flow rate models can provide very accurate results. The accuracy of the developed models has been examined with some experimental measurements and numerical analysis. As for slip flow no solutions exist for most geometries, the developed models may be used to predict mass flow rate and pressure distribution of slip flow in non-circular microchannels.
Roughness Effects
Due to limitations in current micromachining technology, the microfabricated microchannel walls typically exhibit some degree of roughness. In macroscale flow theory, the friction factor is independent of relative roughness in the laminar region. However, some researchers proposed that the friction factor depends on the relative roughness of the walls of the microchannels also in laminar region and the relative roughness cannot be neglected for microchannels in the laminar region [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] . There is a need for a better understanding of the effects of wall roughness on fluid characteristics in microchannels as roughness plays an increasingly important role in microchannel flows.
Circumferential Roughness
We examine circumferential corrugated roughness first. In order to simplify the roughness problem, we can consider flow inside a microtube with a rough surface which is approximately sinusoidal corrugation, , b and l are the amplitude and wave length of the rough corrugated walls respectively. The momentum equation has been solved using a perturbation method [27] .
The total flow rate is given by
where ( ) ( ) where Q sm is the flow rate for continuum flow in smooth microtubes. As B is always positive indicating a decrease in the flow rate with wall roughness. Velocity slip decreases pressure drop and corrugated roughness increases pressure drop. Pressure drop depends on ε, λ, and Kn and it can be less than, equal to or greater than unity. The coupled effects between small corrugated roughness and velocity slip proposes a possible explanation on the observed phenomenon that Chung et al. [47] and Kohl et al. [48] found that the friction factors for slip flow in microchannels can be accurately determined from conventional theory for large channels.
The friction factor Reynolds product for slip flow is obtained as follows: . There exists a coupled effect between velocity slip and corrugated roughness. Velocity slip decreases pressure drop and increases flow rate. Corrugated roughness increases pressure drop and decreases flow rate. These two effects can have a canceling effect in some systems.
Longitudinal Roughness Finally, we investigate longitudinal corrugated roughness. The radius of a microtube varies with the axial distance due to corrugated roughness. In order to simplify the roughness problem, we may consider flow inside a microtube with a rough surface which is approximately sinusoidal corrugation,
, as illustrated in Fig 12. Where R is the mean radius of the rough microtube and λ is the wave number ( Velocity slip decreases pressure drop and corrugated roughness increases pressure drop. Pressure drop depends on ε, λ, and Kn and it can be less than, equal to or greater than unity. The coupled effects between small corrugated roughness and velocity slip proposes a possible explanation on the observed phenomenon that Chung et al. [47] and Kohl et al. [48] found that the friction factors for gas flow in microchannels can be accurately predicted from conventional theory for macrochannels.
The mean fiction factor Reynolds product can be obtained simply by substituting Eq. (50) into the definition of fRe. is a function of relative roughness ε, wave number λ and Knudsen number Kn. There exist coupled effects between velocity slip and corrugated roughness. Velocity slip decreases pressure drop and increases flow rate. Corrugated roughness increases pressure drop and decreases flow rate.
The presented simple models for circumferential and longitudinal corrugated roughness may be used to approximately estimate roughness and velocity slip effects for the design and application of microtubes.
IV. CONCLUSION
Slip flow in non-circular microchannels has been examined by the authors and a review of some new models was presented. These models are general and robust and can be used by the research community for practical engineering design of microchannel flow systems.
A model was proposed to predict the friction factor and Reynolds product fRe for fully developed and developing slip flow in most non-circular microchannels. Compressibility effects on slip flow in non-circular microchannels have been examined and simple models were proposed to predict the pressure distribution and mass flow rate for slip flow in most non-circular microchannels. The effects of momentum changes are also considered in these models.
The effect of corrugated surface roughness on fully developed laminar flow in microtubes was investigated. Simple analytical models were presented to predict friction factor and pressure drop in circumferential or longitudinal corrugated rough microtubes for continuum flow and slip flow. These new models for slip flow in the presence of roughness illustrate the coupled effects of velocity slip and corrugated roughness.
